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Abstract 

A triangle in a hypergraph is a collection of distinct vertices u, v, w and distinct 
edges e, /, g with u,v G e, v,w £ f, w,u £ g and {u, v,w} Ci e Ci f (1 g = 0. 
Johansson [lO] proved that every triangle-free graph with maximum degree A2 has 
list chromatic number 0(A2/ log A2). Frieze and the second author [7] proved that 
every linear (meaning that every two edges share at most one vertex) triangle-free 
triple system with maximum degree A3 has chromatic number 0{y^ A^/ log A3). 
The restriction to linear triple systems was crucial to their proof. 

We provide a generalization of these results. The i-degree of a vertex in a 
hypergraph is the number of edges of size i containing it. We prove that every 
triangle-free hypergraph of rank three (edges have size two or three) with maxi- 
mum 3-degree A3 and maximum 2-degree A2 has list chromatic number at most 



Ao 



c max 




^ log A2 

for some absolute positive constant c. 

Thus our result removes the linear restriction from [7] and applies to the 
broader class of rank three hypergraphs, while reducing to the (best possible) 
result |10) for graphs. As an application, we prove that if C3 is the collection of 
3-uniform triangles, then the Ramsey number R{C3,Kf) satisfies 

<R{Cs,Kf) < 



(logt)3/4 - ' " - (logi)V2 

for some positive constants a and b. The upper bound makes progress towards 
the recent conjecture of Kostochka, the second author, and Verstraete P3] that 
R{Cs,Kf) = o{t^/'^) where C3 is the linear triangle. 
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1 Introduction 



A hypergraph H = (V, E) is a tuple consisting of a set of vertices V and a set of edges 
E, which are subsets of V. The hypergraph has rank k if every edge contains at most 
k vertices and is called fc-uniform if every edge contains exactly k vertices. A proper 
coloring of H is an assignment of colors to the vertices so that no edge is monochromatic. 
The chromatic number of H, x{H), is the minimum number of colors needed in a proper 
coloring of H. 

The chromatic number of graphs (2-uniform hypergraphs) has been studied extensively. 
A greedy coloring algorithm can be used to show that for any graph G with maximum 
degree A, x{G) < A + 1; this bound is tight for complete graphs and odd cycles. Brooks 
[1] extended this by showing that if G is not a complete graph or an odd cycle, then 
X{G) < A. 

A natural question to ask is what other structural properties can be put on a graph 
to decrease its chromatic number. One approach is to fix a graph K and consider the 
family of graphs which contain no copy of K. For example, if if is a tree on e edges and 
G contains no copy of K, then x{G) < e; this follows from the fact that if G contains 
no copy of K, then G contains a vertex of degree at most e — 1 (see [19], pg. 70). 

When i^' is a cycle, the problem becomes more difficult. Kim [11] showed that if G 
contains no 4-cycles or 3-cycles, then x(G') < (1 + o(l))A/logA as A — > oo, which is 
within a factor of 2 of the best possible bound. Shortly after, Johansson showed 
that if G contains no 3-cycles, then x{G) < 0(A/logA). Using Johansson's result, 
Alon, Krivelevich, and Sudakov [2] showed that if K is any graph containing a vertex x 
such that K — X is bipartite, then x{G) < 0(A/log A). 

Some analogous results for hypergraphs are known. Using the local lemma, one can 
show that xiH) < 0(A^/*^'^'^^^) for any /c-uniform hypergraph H. Bohman, Frieze, and 
the second author |3j showed that if if is a fixed /c-uniform hypertree on e edges and H 
is a /c-uniform hypergraph containing no copy of K, then x{H) < 2{k — l)(e — 1) + 1; 
Loh [HI improved this to x{H) < e, matching the result for graphs. 

A hypergraph is linear (or contains no 2-cycles) if any two of its edges intersect in at 
most one vertex. A triangle in a linear hypergraph is a set of three pairwise intersecting 
edges with no common point. In [7], Frieze and the second author showed that if H 
is a 3-uniform, linear, triangle-free hypergraph, then xiH) < 0(a/A/ \/log A). They 
subsequently removed the triangle-free condition and generalized their result from 3 to 
k, showing that xiH) < 0((A/ log A)^/^*^^^)) for any fc-uniform, linear hypergraph H. 
As shown in [3], these results are tight apart from the implied constants. 
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1.1 Our Result 



Our contribution is to remove the linear condition from [7J. However, in doing so, we 
also widen the definition of a triangle. 

Definition 1. A triangle in a hypergraph H is a set of three distinct edges e, f,g & H 
and three distinct vertices u,v,w G V{H) such that u,v E e, v,w E f, w,u E g and 
{u, v,w} n en f n g. 

For example, the three triangles in a 3- uniform hypergraph are the loose triangle C3 = 

{aba, ode, e fa}, F5 = {abc,bcd,aed}, and = {abc,bcd,abd}. 

Given a set L{v) of colors for every vertex v G V{H), a proper list coloring of H is 
a proper coloring where every vertex v receives a color from L{v). The list chromatic 
number of H, xi{H), is the minimum / so that if )| > / for all v, then H has a proper 
list coloring. It is not hard to see that x{H) < xi{H)- As in [11] and [10], our main 
theorem can be stated in terms of list chromatic number. If if is a rank k hypergraph 
and i < k, the z-degree of a vertex v is the number of size i edges containing v. 

Theorem 2. Suppose H is a rank 3, triangle-free hypergraph with maximum 3-degree 
A and maximum 2-degree A2. Then 

X.(if)<c,max{(^)i,j-^}, 

for some constant Ci . 

Theorem [2] generalizes the results of and [7] . Additionally, it strengthens [7] by re- 
moving the linear hypothesis, which was a crucial ingredient in the proof. As mentioned 
above, for n- vertex 3- uniform hypergraphs H with maximum degree A, one can easily 
show that the independence number of H is ^l(n/\/A) and xiH) = 0{\/A); however, 
adding a local restriction to the hypergraph in order to significantly improve either of 
these bounds appears to be a hard problem. There are two conjectures in this regard. 
De Caen |5] conjectured that if we add the hypothesis that every vertex subset S spans 
at most cjS'p edges (for some fixed constant c), and A = 6(n), then the lower bound 
on the independence number can be improved by a factor that tends to infinity with A. 
More recently, [7] conjectured that if there is a fixed hypergraph F with F H, then 
xiH) < Ci?A/A/ log A. Guruswami and Sinop [8] showed that this conjecture implies 
certain hardness results in computer science. 

We prove Theorem[2]by using a semi-random algorithm to properly color the hypergraph. 
Our algorithm is similar to the algorithm in [7], however, several new ideas are developed 
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to deal with the non-hnear case. At each iteration, we randomly color a few of the 
vertices. When a vertex in a 3-edge is colored c, we add a c-colored 2-edge between the 
remaining two vertices to record the fact that those two vertices cannot both be colored 
c in the future. [7j assumed the hypergraph was linear, which implied that at most one 
such 2-edge could be added between two vertices. Here we maintain a 2-graph for every 
color and allow two vertices to share an edge in multiple graphs. This allows us to extend 
our algorithm to rank 3 hypergraphs: for each 2-edge in the original hypergraph, we 
simply add a copy of that 2-edge to every color graph. After several iterations, we color 
the remaining vertices with the asymmetric version of the local lemma. This prevents 
the 3-edges from becoming monochromatic, while also enforcing the constraints from 
the 2-graphs. 



1.2 Application to Hypergraph Ramsey Numbers 

Let C3 be the collection of r-uniform hypergraph triangles. Notice that for graphs, 
C| consists of only the 3-vertex cycle, and for triple systems, C| = {C3, F^, K^}. The 
hypergraph Ramsey number R{C^, K^) is the smallest n so that in every red-blue coloring 
of the edges of the complete r-uniform hypergraph K^^, there exists a red triangle or a 
blue K[. Ajtai-Komlos-Szemeredi [1] and Kim [12] proved that i?(C|, K^) = Q(f / logt). 

In [1^, Kostochka, the second author, and Verstraete proved a version of this result for 
r = 3. In this setting, R{Cs, Kf) is the smallest n so that in every red-blue coloring of 
the edges of the complete 3- uniform hypergraph K^, there exists a red C3 or a blue Kf. 
|13j showed that there exist constants a, b such that 

""''^^ <R{Cs,Kf)<bt'/', 



(log t) 

and they conjectured that the upper bound could be reduced to 0(^^/2) . We prove a 
weaker form of this conjecture, namely that R{C^,K^) = 0{1?l'^ j v^logt). Since the 
C3-free construction given in [13] is also F5 and free, this implies that for some 
constants a and 6, 



1.3 Organization 

In Section 2, we present the probabilistic tools we will need to analyze our algorithm. 
In Section 121 we describe our algorithm. The presentation is similar to Vu's description 
in [18] of Johansson's algorithm. Section H] contains an analysis of our algorithm. This 
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analysis does not use triangle-free anywhere, but is instead based on parameters which 
can be given to the algorithm. In Section [5l we show how triangle-free can be used to 
set these parameters in a way that implies Theorem El 



2 Tools 



2.1 Local Lemma 



Asymmetric Local Lemma ([E]). Consider a set £ = {Ai, . . . , An} of (typically bad) 
events that such each Ai is mutually independent of S — {T>i Ai), for some T>i d £ . If 
for each 1 < i < n 

• Pr[Ai] < 1/4, and 

• EA,eAPr[^,]<l/4, 

then with positive probability, none of the events in £ occur. 



2.2 Concentration Theorems 

The first result is due to Hoeffding [9]. 

Theorem 3. Suppose that X = Xi + ■ ■ ■ + Xm, where the Xi are independent random 
variables satisfying \Xi\ < ai for all i. Then for any t > 0, 

Pr[X > E[X] +t] < e"^™r^, 

and 

Pr[X < E[X] -t] < e 

We will also use the following theorem, which is Theorem 2.7 from [T6] . 

Theorem 4. Suppose that X = Xi + ■ ■ ■ + Xm, where the Xi are independent random 
variables satisfying Xi < E[Xj] + b for all i. Then for any t > 0, 

Ft[X > E[X] +t]< e"2Varm+M. 
McDiarmid [15] proved the following generalization of Theorem [31 
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Theorem 5. Let Zi, . . . , Zn be independent random variables, with Zi taking values in 
a set Ai for each i. Suppose that the (measurable) function g : YlAk IR satisfies 
\g{x) — g{x')\ < di whenever the vectors x and x' differ only in the i*^ coordinate. Let 
W be the random variable g{Zi, . . . , Zn). Then for any t > 0, 



Note that in the above theorem, we may view Yl -A-k as a probabihty space induced by 
the random variables Zi, . . . , Zn- We wiU use the foUowing corollary, which resembles 
Theorem 7.2 from |6]. 

Corollary 6. Let Xi, . . . ,X„ be independent random variables, with Xi taking values 
in a set Bi for each i. Let Ai, . . . , An be events, where each Ai C Bi. Set A = YYi=i ^i- 
Suppose that the (measurable) function f : YlBk ^ ^ is non-negative and satisfies 
\f{x) — /(a;') I < di for any two vectors x.,x' ^ A differing only in the i^^ coordinate. Let 
Y be the random variable f{Xi, . . . , Then 



Proof. Define g : A ^ by g{x) := f{x) (in other words, g = f\A). For each i, let 
Zi : Xj~^(^j) — > Ai be the random variable with Zi{s) = Xj(s) for all s E X[^(Ai). Let 
W be the random variable g{Zi, . . . , Z„). Since the Xj are independent, the Zi are also 
independent, so we will be able to apply Theorem [5] to bound Pr[iy > E[W] + 1]. 

By total probability and the non-negativity of /, 



Pt[W > E[W]+t) < e 



Pi[Y > E[Y]/PT[A]+t] < e 



+ Pr[^]. 



E[Y] = E[Y\A] Ft[A] + E[Y\A] Fr[A] > E[Y\A] Pr[A] 



so 



E[W] = E[Y\A] < E[F]/Pr[^]. 



Combining this with Theorem [5] implies 



Pr[r > 



E[Y] 



+ t]= Pi[Y > + t\A] Pt[A] + Pt[Y > 




E[Y] 



+ t\A] Pt[A] 



Pt[A] 



Pt[A] 



< Pt[Y > E[Y\A] + t\A] + Pt[A\ 
= Pt[W > E[W]+t]+PT[A] 



□ 
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3 Coloring Algorithm 



The input to our algorithm is a rank 3 hypergraph with maximum 3-degrcc A and 
maximum 2-degrec A2. Let H denote the input hypergraph restricted to its size 3 
edges, and let G denote the input hypergraph restricted to its size 2 edges. At the 
beginning, each vertex u has a list C{u) of acceptable colors. We assume |C(m)| = C 
for all vertices u. For each vertex u and color c, we set 

fl/C, ifc.CW 

[0, iiciC{u). 

We define a parameter p, which will serve as an upper bound on the weights p\{c). 
Set W^{u) = {p°(c) : c e \JyC{v)}. We start with the hypergraph = H and the 
collection {W^{u)}u- For each color c, we also construct a graph G^, which is initially 
a copy of the 2-graph G. Finally, we assign to each vertex an empty set B^{u). 

At the {i + 1)*'* step, i — 0, 1,...,T — 1, our input to the algorithm is a quadruple, 
{W, {Gc}c, We generate a small random set of colors at each vertex 

u as follows: For each color c, we choose c with probability 9p\^{c). Let 

. , , 1, if c is chosen at m, 
I 0, otherwise. 

Note that the 7^(0) are independent random variables. 

Consider a vertex u. We define the set of colors lost at u as 

L{u) = {c : 3e e E{W) U E{Gl) such that m e e and 7;(c) = 1 Vt; e e - «}. 

We say a color c survives at it if c ^ S'(rt) and c ^ L{u). For c ^ B'^{u), we define 

g;(c) := Pr[c survives at u] = Pr[ f| {-fl{c) = U 7;(c) = 0) f| 7;(c) = 0]. (3.1) 

In other words, if c ^ B^{u), then g^(c) = Pr[c ^ -/^(m)]. Note that at the {i + 1)*^ step, 
g*(c) is a fixed number, which can be computed given i/*, G*, and all of the p^(c); it 
does not depend on the random variables 7u(c). In the analysis below, we will use the 
bound 

= 1 - Pr[ U (7;(c) = 1 n 7t(c) = 1) U 7.(c) = 1] 

>i- E ^'pUcK(c)- E ^p^(^)- (3-2) 

uvw&H'- uv^G], 

Let denote the 0, 1 indicator variable for the event X. Define p\^^{c) as: 
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If p\{c)/q\^{c) < p and c ^ B^{u), then 

i+i, , i / N I[c survives at m] J pi{c)/qi{c), if c is survives at u, 
Pu (c) = Pu(c)t^-7— -— — — -T = < (3-3) 



Pr c survives at m 



0, else. 



• If Pu{c)/q\^{c) > p or c G B\u), then we toss a biased coin with Pi[Head\ = 
Puic)/p. We then set 

vl{c)=I[Head], 

and 

JP- -f^W-' (3.4) 

Pr[ifead] Ig, else. 

Crucially, (jM]) and ([MD imply 

EK+^(c)]=K(c). (3.5) 

Color M with c if c survives at u and 7^(c) = 1 (if there are multiple such c, pick one 
arbitrarily). Let denote the set of uncolored vertices in H after the iteration i. Let 
H^^^ be the hypergraph induced from H by W^^, let B^^^{u) = {c : pl^^{c) = p}, and 
let W^'^^ = {pI^^{c)}. To form G^^^, start with G*, and for each triple u,v,w E W with 
u,v E f/*+^, uv ^ G*, and w colored c, add an edge uv to G^^^ Then delete any vertex 
from G*"*"^ that is not in f/*+^. 

Observe that if uvw is an edge in and m and v are both colored c in the current 
round, then pj^^(c) G {0,p}; in particular, c is never considered for w in a future round. 
Similarly, if vw G G* and v is colored with c in the current round, then c is never 
considered for w in the future. Thus the algorithm always maintains a proper partial 
coloring of H. 

After T iterations, some vertices will remain uncolored. We color these in one final step, 
which is described in Section 14.51 



3.1 Parameters and Notation 

We summarize all of the variables used in the algorithm and its analysis in the two 
tables below. The first table contains descriptions of the independent variables in our 
algorithm. We set them for one family of hypergraphs in Section |5l when we prove 
that our algorithm works for triangle-free hypergraphs. The values of the remaining 
parameters are defined in the second table. 

Our algorithm requires that the parameter uq satisfy the following properties: 
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• For any edge uvw in W and any color c, 



Pr[c ^ L{u) U L{v) U L(«;)] < g;(c)g;(c)g;(c)(l + 1/uo). (3 

• For any color c and any pair u, v with muw G if* for some w, 

Pr[c i L{u) U L(t;)] < g;(c)?;(c)(l + l^). (3 

• For any color c and any edge uv in GJ., 

Pr[c ^ L(«) U L{v)] < g;(c)g;(c)(l + l/^o)- (3 

The parameters Ui through cug are error terms used in the analysis of the algorithm. 
Description 
A Maximum degree of 3-graph 
A2 Maximum degree of 2-graph 
5 Maximum co degree 
u Color bound, tending to 00 with A 
e Small constant 
ujq Error term depending on H 
p Threshold probability 



Value Description 



C -\/A/ Number of colors 

T ( 5a; /e) logo; Number of iterations 

9 e/uj Activation probability 

m 21 Used to control codegrees 

oji T log C Error term 

UJ2 uJo/16uj Error term 

0J3 up" Error term 

0^4 up' Error term 

l^'^l'^'^ Error term 

ijj^ A^/^ Error term 
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We will use the following notation: 

Nij{u) = {ve V{W) -u:3eeH' with u,v e e} 
N\j{u,v) = {we V{H') - {u,v} : {u,v,w} G H'} 
N'^{u) = {ve V{Gi) -u:3eeGi with u,v e e} 
N'{u) = Nij{u)UUcNi{u) 
N°{u) ^{ve V{G) : uv e E{G)} 
<^h{u) ^\{e&W -.ue e}\ 
(fffiu, v) ^ \{e e W : u,v e e}\ 
dl,^{u) = \{veGl:uveG,}\. 

At the beginning of iteration i of the algorithm, we also define the following parameters: 

c 



c uveGi 
c 

e' = V 

U / J uvw 

4(c) = E pUcK(c) 

h\ — — E^Pu(c) logPu(c); where a; logo; := if a; = . 



Our analysis assumes that the parameters of the algorithm satisfy the following relations. 
All asymptotic notation assumes A ^ oo. 

(Rl) ^log(pC) > 85 

(R2) l/a;o = o(^) 

(R3) 2/ujlCp^ > 6 log A 

(R4) T/u^ = o(l) 

(R5) (TlogC)/u;i < t/9 

(R6) 2/(4A2a;iCp6) > 6 log A 
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(R7) eT/u2 = o(l) 

(R8) UJUJ2 + T < wo/2 

(R9) l/wa < (1 - e/AYu 

(RIO) l/{Auol{<oujQTep'^^ + 4mp5A2+V2"^ + Cm^p^A^+V"^)) > 7 log A 

(Rll) 2/(4a;32C(mAl+l/2V + 5Al/2+V2n^p3)2) > ^j^gA 

(R12) 2/(a;2^(-plogp)2) > 61ogA 

(R13) IM < e(l - ^/4)^ 

(R14) 2w2/^^(^Ai+i/2m^ + Ai/2+V2™p(5)2) > 7 log A 

(R15) < (^/6)(1 -0/3)^A 

(R16) W6A^p/(55) > 6 log A 

(R17) euj{l - 9/ AY > 0T/UJ2 + IM 

(R18) 1 - lOe > 3/4 

(R19) A2 < iOeOAp 

(R20) A2 < v^Vw 

(R21) p > A-i/2_ 

The analysis in Section H] only requires that ( 13. 6p . ( 13. 7p . ( 13. Sp . and (R1)-(R21) hold; the 



parameters w, e, p, and ujo depend on the structure of the hypergraph. For instance, we 
will use the following bounds when applying the analysis to triangle-free hypergraphs. 

Claim 7. The following inequalities are consistent, and if they hold, then (R1)-(R21) 



also hold: 



e < 1/40 

u < (l/26)(e/86)logA 
ojq > lOcj'^ logo; 



As < VA^/UJ 

5 < A'/'' 



p > e^^^/^v^/VA 
p < A-ii/24_ 
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Proof. The bounds on 00 and e imply 

86ui/e 



/24 



SO the inequahties are consistent. Checking that they satisfy (R1)-(R21) (for A suffi- 
ciently large) is straightforward. □ 



4 Analysis of Algorithm 

Theorem 8. // (jM]), (jSTD, ([31]), and (R1)-(R21) hold and \C{u)\ < C for all vertices 
u, then the algorithm produces a proper list coloring of H U G. 

Proof. By Lemma [H our algorithm proceeds for T iterations, coloring most of the ver- 
tices. Since Lemmas [HI [ID] and ^21 hold after iteration T, we may color the remaining 
vertices as described in Section 14.51 □ 

Lemma 9 (Main Lemma). // ([31]), ([3T]), ([31]), and (R1)-(R21) hold, then for each 
i = 0, 1, . . . T, the following properties hold: 

(PI) \l-w{p^^)\<i/uj,. 
(P2) el < {l-9/Z)'u + i/u2 
(P3) fl < 8(1 - e/AYu 

(P4) K>h'i-2uj^rj^ii-e/Ay 

(P5) d\j{u) < (1 - 0/3)'' A 
(P6) di;^{u) < 3uj6i9Ap. 

The proof of the Main Lemma relies on the next three lemmas. 

Lemma 10. For any i = 0,1, . . . T-1, if ([SU), and (R1)-(R21) hold and 

|i?*(n)| < e/p for all u E W , then there is an assignment of colors to the vertices in W 
so that the following properties hold: 

(Ql) \w{pt^')-w{f^)\<l/ur 

(Q2) ej,+i < ej,,^ + l/(Aa;2) 

(Q3) /:+i</:(l-0/2) + ^el + lM 
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(Q4) /i^-e^<2^(/: + e^) + lM 
(Q5) d'+\u) < (1 - ^/2X(m) + ^5 
(Q6) ct(^^{u) < dij^iu) + 21060 Ap. 

Lemma 11. If (Q1)-(Q6) hold for i and (P1)-(P6) hold for i, then (P1)-(P6) hold for 
i + l. 

Lemma 12. If (P1)-(P6) hold for i + l and (Rl) and (R5) hold, then \B''+^{u)\ < e/p. 

4.1 Proof of Main Lemma 

The proof relies on Lemmas [101 El ^"^^ [121 Assuming these lemmas, we proceed induc- 
tively as follows: properties (P1)-(P6) hold for i = ((P3) holds by (R20)). Assume 
(P1)-(P6) hold for i. By Lemma [13 \B\u)\ < e/p, so by Lemma [IHl (Q1)-(Q6) hold 
for i. Thus Lemma [TT] implies (P1)-(P6) hold for i + l. 

4.2 Proof of Lemma [TT] 
Proof of (PI). By (PI) (for i) and (Ql), 

< |1-u;(p^)| + Kp^+1)-^(p^)| 

< {l + 1)1^1. 

Proof of (P5). Using (P5) (for i), 

d'^\u) 'f (1 - e/2)d'H{u) + C05 (1 - ^^/2)(1 - 9/3yA + U5 

= {l-9/3y+'A-^-il-9/3yA + cu5 



<{i-e/3y+'A-^{i-e/3fA + io, 

o 

(1 - e/3y+^A. 

Proof of (P2). By (Q2), 

< el. + {^ + 1)/Au;2 < C{l/C') + {z + 1)/Au;2 = 00/ A + {z + 1)/Auj2. 
So by (P5) (for i + 1), 
el"-' = E <^ < (1 - Om'^'Hoo/A + {z + 1)/Auj,) < (1 - e/3y^'u + {z + 

uvw 
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Proof of (P3). By (P3) and (P2) (for i), 

<^<^' 8(1 - e/AYuj{l - e/2) + ^et + IM 

' 8(1 - e/AYuj{i - e/2) + euj{i - e/3y + eT/u2 + iM 
= 8(1 - e/Ayuj{i - e/A - e/A) + euj{i - e/sy + eT/uj2 + iM 
= 8(1 - e/Ay+^oo - 2euj{i - e/Ay + euj{i - e/3y + eT/uj2 + iM 
< 8(1 - e/Ay+^uj - euj{i - 9/ Ay + eT/u2 + iM 
'T' 8(1 - e/Ay^^u. 

Proof of (P4). We have 

T/UJ2 ^T' uj{i - e/Af < uj{i - e/Ay. 

Therefore, using e = ud and (P4) (for i), 

h!;^' K - mfu + el) - iM 

'1^' Z,^- 2^(8(1- 0/4)^0; + e^)-lM 

hi - 2^(8(1 - 0/A)'uj + (1 - e/Syu + T/U2) - iM 
>hl- 20(9(1 - e/Ayu + T/U2) - IM 
^hl- 20(10(1 - 0/4)*u;) - IM 
= /it - 20e(l - 0/4)^ - I/W4 
/it - 21e(l - e/Ay 

/i° - 21e ^(1 - e/Ay - 21e(l - 0/4)^ 

j=0 

i 

= /i°-21e 5^(1-0/4)^-. 

i=o 

Proof of (P6). By (Q6) and (R19), 

di^^\u) A2 + 2ujeii + l)eAp '^^'^ 3L0e{i + 1)0 Ap. 
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4.3 Proof of Lemma [12 



First, 



\B^+\u)\p\og{pC) = P^og{pC)= PL+'(c)log(K+i(c)C) 

ce-B*+i(«) ce-B»+i(«) 



< E K^'(c)log(pl+^(c)C) 

ceC(n) 

cgc{M) cec(u) 
= -/iL+i + logC E Pu\c). (4.2) 

cGC(«) 



Using p°(c) = 1/C for all c G C(m) 



cGC(u) 

= iogc E 

cec(«) 

= iogc 5^ ^pi^c)-j^:^\c))+\ogc E 

cGC(«) cgC(n) 

= logC(l-«;(K+i))+logC E 

cGC(u) 

^1^' -(TlogC)M + logC E I^u\c) 
cec(«) 

Using X^*=o(^ ~ 6'/4)'^ < 4/6^, the above inequality, and inequality (14. 2p . 

i 

(P4) ^0 _ 21eE(l - O/^^y >hl- Me/e > logC E Pu\^) - ^^e/O 
j=o ceC(M) 

*f» hi^^ + \B'-'\u)\p\og{pC) - 85e/9. 



So 



4.4 Proof of Lemma [TO 



We are going to apply the Local Lemma. Our probability space is determined by coin 
flips at each vertex which determine the random variables 7u(c) and ri^{c). The random 
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variable p„(c) is determined by the coin flips in N{u). The events "(Ql) fails to hold 
for m" and "(Q4) fails to hold for u" are therefore determined by these coin flips. The 
events "(Q3) fails to hold for u" and "(Q5) fails to hold for u" are determined by the 
coin flips in N{N{u)). The event "(Q2) fails to hold for edge uvw" is determined by 
the coin flips in N{N{u)) + N{N{v)) + N{N{w)). The event "(Q6) fails to hold for u 
and c" is determined by the coin flips in N{N{u)). Each event is therefore mutually 
independent of at most 5(A + A2)^ (Ql)? (Q3), (Q4), (Q5), or (Q6) events and at most 
A(3A + 3A2)'^ (Q3) events. By (R20), A2 < A, so each event is mutually independent 
of at most 7^A^ other events. 

It therefore suffices to show that the probability that (Qi) fails is less than 4(7^)A~^. 
We prove this for (Ql), (Q2), (Q4), and (Q6) flrst, and then move on to (Q3) and (Q5). 
Throughout the proof, we drop the notation i + 1 and i, and use, for instance, p^(c) and 
Pu{c) to denote values in iterations i + 1 and i, respectively. 

Proof of (Ql). By (13.51) . E[p^(c)] = p„(c) for each color c. By linearity of expectation, 

E[w{p'J] = w{pu). 

Since w{p'^) is the sum of C independent non- negative random variables, each bounded 
by p, Theorem [3] and (R3) imply 

Ft[\w{p'J - w{p^) \ > l/ooi] < 2e-2/(^^'"i) < 26"^ 



Proof of (Q2). Suppose uvw G H. We flrst prove 

EK(c)p:(c)pL(c)] < Puic)p,ic)pUc)il + l/uo). (4.3) 

Assume that p^(c), p'^{c), and p'^{c) are determined by (13.31) . If c G L{u) U L{v) U L{w), 
then p'^{c)p'^{c)pI{c) = 0, so by (jXS]), 

EK(c)p:(c)pUc)] < pMpMPiM Pr[c ^ L(«) U m U L(^)] 

g„(c) q^{c) q^[c) 

< P«(c)Pi,(c)pu,(c)(l + l/uo). 

Suppose p'u{c) and p^(c) are determined by (13. 3p . and p^(c) is determined by (13. 4p . Then 
p'^{c) is independent of p'^ic) and p'^{c), so by (13.71) . 

E[p'^ic)p',ic)p'Jc)] = EK(c)K(c)]EK(c)] 
^ P.(c)p.(c) p 

g«(c) qv{c) 
< Pu{c)pv{c)pnj{c){l + 1/uo). 
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If at least two of J9^(c), J9^(c), and p^(c) are determined by (13 ■4p . then all three are 
independent of each other, and 

finishing the proof of fl4.3p . 

By definition, e^^ < C/C'^ = u/A. So by (Q2) (for i) and (R8), 

e...M '? (el,,,. + < (| + . r V(2A..). 

So by (iSD, 

EKJ = J]eK(c)p:(cK(c)] < J]p„(cK(cK(c)(l + l/uo) 

c c 

< e„j,^ + l/{2Auj2). 

Now e^^^ is the sum of C independent random variables, each bounded by p^. Thus 
Theorem [3] and (R6) yield 

PrK,^ > e„^^ + l/{Au2)] < PrK,^ > e^^ + l/(2Aa;2) + l/(2Aa;2)] 

< Pr[eL^ > EK,^] + l/(2Au;2)] 

Proof of (Q4). By ([SJ]) and ([331), P«(c) = Pu{c)I[A]/ Pi[A] for some event A. Thus, 
using xlogx = for X G {0, 1}, 

EK(c) logK(c)] = E[p^{c)I[A]/Ft[A] log(p„(c)I[A]/Pr[A])] 

= E[p^{c)1[A]/Pt[A] logp^{c)+p^{c)l[A]/PT[A] log {I[A]/ Pt[A])] 

= ^^^^5^f^E[I[A]] + |^E[I[A]log(I[A]/Pr[A])] 

= Puic) logp.(c) + 1^ E[I[A] logI[A]] - 1^ E[I[A] logPr[A]] 

= p„(c) logp.(c) + 1^ E[0] - p„(c) logPr[A] 



Recall that 



Puic) logp„(c) -p„(c) logPr[A]. 



g„(c) = Pr[ fl (7„(c) = U 7«,(c) = 0) f| 7.(c) = 0]. 

uvwdH uvSiGc 
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Also, 1 — rx > (1 — xY for r, x G (0,1). Finally, the event 7^(c) = is monotone 
decreasing, so by the FKG inequality. 



uvwSiH uvdGc 

= n (i-^v(cK(c)) n 



uvwSiH uvdGc 
uvwdH uvdGc 

By the algorithm, Pr[y4] > g„(c). Also, log(l — x) > —x — x^ for x G [0, 1/3]. Combining 
these inequalities with the previous inequality, we obtain 



logPr[A] >logg„(c) >log( JJ (i _ "Q _ 

uvwGH uvdGc 

= Yl Op,{c)p^{c)\og{l-e)+ 5^ p,(c)log(l-^) 



uvw£H uvGGc 

> OPv{c)pUc){-e - 9') + Pv{c){-9 - 9^) 

uvwdH uvdGc 



= (-02 - 9') J2 Pv{c)pAc) + {-9 - 9') J2 

uvwdH uvdGc 

= -{9' + 9')e^{c)-{9 + 9')Uc). 
Therefore, using the definition of hu and 9 < 1/2, 

E[K-h'j = K + j2np'ui^)^ogp:ic)] 

c 

= /i« + ^ P« (c) log p« (c) - ^ p„ (c) log Pr [A] ) 

c c 

c 

< J]p„(c)((0 + 9')Uc) + {9' + 9')e^{c)) 

c 

= {9 + 9')U + {9' + 9^)eu 
<29{f^ + e^). 

The terms in J2c~P'ui^)^'^&P'ui(^) independent and, since — xlogx is increasing for 
< X < p, bounded by — plogp. Thus, by Theorem [3] and (R12), 

Pr[/i„ -h'^> 29{U + e„) + l/u^] < e-2/(-|c(-piogp)2) ^ ^-eiogA^ 

Proof of (Q6). Fix c G C('u). For each v G Nh{u), set 

= dH{u,v)jv{c), 



and set 

v€Nh{u) 

Then 

E[X] = J2 dH{u,v)p.,{c)e <p6 duiu, v) <2Ape. 

Since the are independent from each other (because the 7^(c) are independent), and 
x{l — x) is increasing for x < 1/2, 

Var[X]= J2 Var[X.]= J] (E[X,V E[X.]^) 

= {dH{u,vfp^{c)e-dH{u,vfp^{cfe'^) 

< dH{u,vfpe{i-pe) 

v€Nh(u) 

= pe{i-pe) Yl Mu.vf 

veNniu) 

<pe{i-pe)6 Y duiu.v) 

v€Nh{u) 

< P92A6. 

If uv ^ Gc and uv G G'^, then there exists an edge uvw G H such that 7^(c) = 1. Hence 
d'cS^) ~ da^iu) < Y + 7i«(c)) = ^ w)7„(c) = X. 

uvwGH v€Nh{u) 

Applying Theorem H] (with b = 6) and (R16), 

Pr[d'a^{u) - dcXu) > 2uj6Ape] < Pr[X > loq Ape + ueApO] 

< Pr[X > E[X] + iOf^Ape] 

^ g-Lj|A2p26l2/(4p6)A5+5a;6Ap6») 

_ e~ 

^ g-a;6Aj5e/55 



(R16) -6 log A 

We now prove (Q3) and (Q5). The following two claims will be used in both proofs. 
Claim 13. For any v G U and c G C(f), 

Pr[f ^ U'\c i L{v)\ > Ft[v i U'\ > 36/4, 
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and if uv E Gc, then 

Pj:[v i V'\c i L{u)\ > Pj:[v ^ U'] - Op > 59/8, 
Ft[v ^ U'\c ^ L{u) U L{v)] > Ft[v ^ U'] - Op > 56/8. 

Proof of claim. The vertex v is colored (i.e., v ^ U') if and only if for some color 
d ^ B{v), 7„(d) = 1 and d ^ L{v). Let R^, denote the event that 7„(c?) = 1 and 
d ^ L{v). If c e B{v), then v cannot be colored c, so the event v ^ U' is independent of 
the events c ^ L{v) and c ^ L{u); hence 

Pj:[v i [/'] = Pt\v i U'\c i L{v)\ = Pr[t; ^ C/'|c ^ L(ii)] = Prf-y ^ C/'|c ^ L{u) U 

Otherwise, 

^ Pr[Ud^BW^d, c ^ L{v)\ 

Pr[c ^ L(u)] 
_ Pr[(Ud^BW+c-Rd U -Rc), c ^ -L(^)] 
Pr[c ^ L{y)\ 

Pr[c ^ 

^ Pr[(Ud^BW+ci^d U 7.(c) = 1)] Pr[c ^ L(^)] 
Pr[c (/ L{v)] 

= Pr[(Ud^B(^)+ei?d) U (7^(c) = 1)] 

> Pr[(U(i^B(t,)+c-Rd) U -Rc] 
^Prft; ^ [/']. 

Suppose uv G Gc- If c ^ L{u), then 7^4,(0) = for all w e Ng^{u), so in particular, 
7^(c) = 0. Consequently, 

Pt[Rc\c ^ L{u) U L{v)] = Pr[7^(c) = in c ^ L{v)\c ^ L{u) U L(^;)] = 0. 

So by the independence of colors and the inequality 

P4^deC{v)-B{v)Rd] < P4^d&Civ)-B{v)-cRd] + Pr[i?c], 

we obtain 

Pr[v ^ U'\c i L{u) U L{v)\ = Pr[Ud^B(«)i?d|c ^ U L{v)\ 

— Pr[Urf^B(t,)+c-R(i] 

= Pr[UrfgC'(D)-B{i;)-c-Rd] 

> Pr[Udec(.)-B(.)i?d] -Pr[i?c] 

> Pr['t; ^ U'\ - 9p. 
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Since we only used the condition c ^ L{u), this also implies 

Fr[v i U'\c i L{u)\ > Fi[v ^ U'] - Op. 
To finish the proof of the claim, we now show Pt[v ^ U'] > 30/4. First, 

= Y 9pvid)q^{d) - ^ 9^p^{d)p^{d')q^{d)q^{d') 

dfB(v) d,d'iB{v) 

> 6' ^ Pv{d)q^{d)-d ^ py{d)q^{d) - 6'^ ^ p^{d)p^{d') 

deC{v) deB{v) d,d'iB{v) 

>9 J2 PM<lv{d)-9\B{v)\p-9' Yl PMPvid'). 

d£C{v) d,d'(^B{v) 

By (E3), 

qv{d) > 1 - 5^ 9^Pu{d)pM - Y 

= 1-9^ Y Puid)pM-9 Y Puid) 

uvwdH uvGGd 

= l-9^eM-0fv{d). 
Since Ed6C(.)P-(c) < (by (PI) and (R4)), 

9' pM)pM') < E E pM)pM') < \d\Yp^^'^))' ^ 

d,d'iB(v) deC{v) d'eC{v)-d deC 

By our lemma's assumption, |-B(f)| < e/p. By (P3), < 8uj, so 9fy < 8e. By 
(P2), < u + T/u2, so (R7) implies < e/3. Using these three inequalities, 

J2d€C{v)P'"(^) — (1 ^ ^/S), and (R18), we finally obtain 

Pt[v^U']>9 Y Pv{d){l-9'eM~0fv{d))-9\B{v)\p-9^ 

d&Ciy) 

= 9 Y PM-d^ Y Pv{d)eM-0^ Y Pv{d)Md)-9\B{v)\p-9^ 

dec{v) dec{v) dec{v) 

>9 Y pM)~0^ Y PMeM)-0' Y PM)fM)-0e-9' 

d£C{v) dec(v) dec{v) 

= 9 Y Pv{d)-9'e,-9^U-9e-9' 

deC{v) 

> 9{1 - e/3) - 9e/3 - 89e - 9e - 9e/3 
= 9{1 - lOe) 

> 39/4. 
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□ 

Recall that m is a fixed constant. 
Claim 14. For each I — 0, ... ,m — 2, let 

N%u,l) ^{ve N^{u) - N^{u) : A^/^m ^ (fH{u,v) < 

and for I — m — 1, let 

N\u, l)^{ve Nl{u) ■ d^iu, v) > A'/'"*} U N^{u). 

For each I and color c, let Ac,i be the event that 7^,(0) = 1 for at most vertices 
V G iV°(M, /). Let A denote the event that Ac,i holds for all I and c. Then 

Pr[A] < e-i°i°g^. 

Proof of claim. Suppose I < m — 1. Since each v e N^{u, I) contributes at least A'/^"* 
edges to d%{u), and each edge is counted at most twice, 

\N^{u,l)\ < 2A/A'/2'» = 2Ai-'/2™. 

If Z = m - 1, 

\N^{u, l)\ < 2A/A^/2™ + A2 = 2A^-'/2'" + A2 '^^"^ 3Ai-'/2"^. 

Thus \N^(u,l)\ < 3Ai-'/2"^ for each 
Since Pr[7^(c) = 1] < p9 and 3e9 < 1/e, 

N^{u, l)\\ , Ai-'/2'"p ^ f 3A^"'/^™\ . „^ Al-'/2m^ 



ipey 



^ ^_Al-'/2m^ 

(R21) _A('"+1)/^™'A~1/^ 
< 6 

_Al/2m 

= e 



So by the union bound, 

Pr[^] < Cme-^'''"' < e-^^^i^s^. 



□ 
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Proof of (Q3). Observe that 



where 



and 



= E E K(c)p:(c) I[uv eG[] + J2Il 

c uv£Gc c uv^Gc 

uveG'^ 

<E E K(cK(c)IbGf/'] 

c uvdGc 

+ E E (^'UcK(c)I[7.(c) = 1]+p:,(cK(c)I[7.(c) = 1]) 

c uvwdH 



^i = E E PL(cK(c)I[^Gf/'], 

c uvaGc 



^2 = E E (K(cK(c)I[7.(c) = l]+K(cK(c)I[7.(c) = l]). 

c uvwdH 

To bound Di, we first prove that for uv G Gc, 

EK(cK(c) lb G f/']] <p„(cK(c)(l- 90/16). (4.4) 

First assume that p'u{,c) and p^(c) are determined by ( 13. 3p . If c G iv(^i) U -^v(f), then 
p^(c)p^(c) = 0, so using (13. Sp . Claim [T3l and then (R2), 

EK(c)pUc)Ib e f/']] = EK(c)K(c)|^ G f/'] Prb G f/'] 



< Pr[c i L{u) U LCi;)|t; G U'] Vi[v G f/'l 

g«(c) qv[c) 

= P^pA^ Prlv eU'\ci Liu) U Liv)] Pr[c # Liu) U L(t;)] 
g«(c) gt,(c) 



f P«(c)p.(c)(l + IM) Prb G U'\c i L{u) U L(t;)] 
Tpu{c)p.{c){l + lM{l~5e/8) 
'Vpu{c)p.{c)il- 96/16). 

Suppose Pu{c) is determined by (13.31) and p^(c) is determined by (13. 4p . Then J9^(c) and 
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p'^{c) are independent of each other, and p'^{c) is independent of the event v G U', so 

EK(cK(c) I[v e U']] = E[p'^ic)p[ic)\v e U'] Ft[v G U'] 

= E\p'^{c)\veU']E[p'^{c)]PT[veU'] 
9 E[p'^{c)\veU']p,ic)Fr[veU'] 

< P^Pr[c ^ L{u)\v G U'] Pi[v G t/>,(c) 

qu{c) 

= Pr[v G U'\c i L[u)\ Pr[c ^ L[u)\p,{c) 

Quic) 

= Pu{c)p^{c) Pi[v G U'\c ^ L{u)] 
^W^Pu{c)p,{c){l + l/uo)il-59/8) 
'VPu{c)p.{c){1 -96/16). 

Similarly, if p^(c) is determined by (13 ■4p and p^(c) is determined by fl3.3p . 

EK(cK(c) I[v G f/']] < p„(cK(c) Ft[v eU'\ci L{v)] 

"Fp.(cK(c)(l + l/a;o)(l-5^^/8) 
'|^'p«(cK(c)(l- 90/16). 

If Pu(c) and p^(c) are both determined by fl3.4p . 

EK(cK(c) \[v G f/']] = EK(cK(c)] Prb G f/'] 

= EK(c)]EK(c)]Pr[t;Gf/'] 
^"fp«(cK(c)(l-30/4) 
<P«(cK(c)(l- 90/16), 

concluding the proof of (14.40 . 

By ia), 

<E E P«(c)p.(c)(l- 90/16) 
= A(1- 90/16). 

For c G C(u), let 

= {7.(c) : G iV(iV(n))} U {r],{c) : G N{N{u))}. 

Then each Tc is a (vector valued) random variable, and the set of random variables 
{Tc : c G C{u)} are mutually independent and determine the variable Di. We will now 
apply Corollary [6] with parameters: 
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• Independent random variables : {c} — )• {0, IJ^IA'Ca^C"))!^ each c G C('u) 

• Events Ac = r{]^-j^Ac,i, for each c G C(m) (where Ac,i is from Claim HM 

• A = Ylceciu) -^c, for each c G C(m) (this is the same A as in Claim UM 

• Di (which is non-negative) in the role of Y 

• dG^{u)P'^ + mp^A^^^/'^^ in the role of dc- 

Our goal is thus to bound the effect of on Di given that A holds. Note first that 

m— 1 

Di=Yl p'uic)K{c) i[v eu'] + j2 E ^ f^'] E K(^K(^)- 

uveGc 1=0 veNO{u,l) d^c: 

uv&Gd 

The total effect of Tc on the left hand sum is at most dG^{u)p'^, so consider the right hand 
sum. The p'^{d)p'^{d) terms are always independent of Tc. Observe that if 7t,(c) = 0, 
then G U'] is also independent of T^, this is because if 7t,(c) = 0, then v can not be 
colored c in the current round, so Tc has no impact on whether or not v G U'. Thus Tc 
only affects the term 

e U'] E pMp'M 

if 7t,(c) = 1. So given the event Ac,i from Claim [HI Tc affects at most /\^~'-/'^™-p such 
terms for each I. If G N^{u,l), where I < m — 2, the effect is at most d^^{u,v)p^ < 
^(i+i)/2mp2 _ If Z = m — 1, the effect is at most Cp^ < A^/^p^. Therefore, given A, the 
effect of Tc on the right hand sum is at most 

m-2 

Given A^ Tc thus affects Di by at most 

Since Ec^g,(m) < A + A2 < 2A and, by (P6), dcXu) < SueTeAp, 
Y,{dGXu)p' + mfA'^'''^f 

c 

< E ^Gc(m)' + 4mj35Ai+i/2m^ + CmV A^+i/- 

c 

< Sp^UeTOA J2 + 4mp^A^+i/2m^ ^ Cm^p^A^+V'" 

c 

< 6ugT9p^A^ + 4mp^A2+i/2'^ + CmVA^+i/™. 
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Together with Claim [Til and (RIO), Corollary [6] now implies 

Pr[Di > - 9/2) + l/2c^3] < Pr[/^i > A(l - 9^/16)/ Pr[^] + 1/200;] 

< Vi[Di > E[D^]/Pi[A] + I/2CO3] 

Cp]g-l/4w|(6w6T0p-'5A2+4mp5A2+l/2m_,_C„2^6^2+l/m) ^ pj.|^^j 

(R^O) e-71ogA + p^[^] 
C^g-71ogA _^ g-lOlogA 
^ g-61ogA_ 

We now bound D2. We first prove that for any edge uvw, 

EK(cK(c)|7«,(c) = 1] < Pu{c)p,{c){l + 1/uo). (4.5) 

Assume that both pj^(c) and p^(c) are determined by (13.31) . If c G L{u) or c G L{v), then 
pL(c)p;(c) = 0, so by (IS3D, 

EK(c)p;(c)|7Uc) = 1] < ^^Pr[c ^ L(n) UL(^)|74c) = 1] 

<^^Pr[c^L(n)UL(.)] 



< 



P«(c)p^(c)(l + l/wo)- 



Suppose p'u{,c) is determined by (13.31) and p^(c) is determined by (13. 4p . Then pj^(c) and 
p^(c) are independent of each other, and p^(c) is independent of the event 7^(c) = 1, so 

EK(c)p;(c)|7.(c) = 1] = Wu{c)H.{c) = l\WAc)] 

«^EK(c)|7«,(c) = lK(c) 

<^Pr[c^L(«)|7.(c) = lK(c) 
<^Pr[c^L(«)K(c) 

= Pu{c)Pv{c) 

< Pu{c)Pv{c){l + l/Wo)- 

If Pu(c) and p^(c) are both determined by (13. 4p . then 

EK(c)K(c)|7«,(c) = 1] = EK(c)pUc)] = E[pUc)]E[p:(c)] 1^ p„(c)p,(c), 
which establishes (14. Sp . 
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Now, by fH3|l . 

E[A] = EE(EK(cK(c)I[7.(c) = 1]] +EK(cR(c)I[7.(c) = 1]]) 

c uvw 

= EEeK(cK(c)|7Uc) = l]Pr[7Uc) = 1] 

C UlIUI 

+ E E EK(cR(c)l7.(c) = 1] Pr[7.(c) = 1] 

c uvw 

< (1 + l/u;o) E Y.^Puic)Pv{c) Pr[7^(c) = 1] + p„(cK(c) Pr[7,(c) = 1]) 
= (1 + 1/wo) EE*^^"*^'^)^^*^'^)^^"'*^'^) + Pu{c)pui{c)9p^{c)) 

c uvw 

= (1 + l/uo)2eeu. 

Again, let 

Tc = ilvic) : V G iV(iV(M))} U {r/,(c) : G N{N{u))}. 
Then 1^2 is determined by the set of random variables {Tc : c G C(m)} . Observe that 

m—l 

= EE E i[7^w = i] E p'uic)p'wic). 

c 1=0 veNH{u)nNO{u,l) weNH{u,v) 

The random variable Tc does not affect terms of the form I['jy{d) = 1] J2weN{u v) P'ui^)Pwi^) ^ 
where d c. % affects the term I [7^(0) = 1] E«,e7V(«,^) K(c)pUc) only if 7^(0) = 1; in 
this case, the effect is at most dH{u,v)fP'. Thus, given the event A from Claim [HI the 
total effect of Tc on D2 is bounded by 

m-2 

By Corollary El (Rll), and Claim [H 

Pr[D2 > 3^e„ + l/2u;3] < Pr[/^2 > (1 + lM)2^e„/ Pr[^] + 1/2^3] 

cPg-2/(4aj2c(mAi+i/2mp3+5Ai/2+i/2mj33)2) ^ p^l^^j 
(mi) e-71ogA^p^[^] 
C^g-71ogA _^ g-lOlogA 
^ g-61ogA_ 



Therefore, with probability at least 1 — 2A 



-5 



/: < fuil - e/2) + l/2a;3 + S^e^ + l/2a;3 
< A(l - e/2) + Wcu + IM- 
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Proof of (Q5). Since 



vGNjj{u) wGNjj{u,v) v£Njj{u) 



Claim [13] implies 



v€Nh{u) 

We prove concentration in the same way as in the proof of (Q3). Let 

Tc = {7.(c) : V G N{N{u))} U {r/,(c) : v G N{N{u))}. 

The random variable d'fj{u) is determined by the set of random variables {Tc : c G C{u)}. 
For V G N{u), Tc affects the term dn^u, v) \[v G V] only if 7„(c) = 1, and in this case, 
the effect is at most dH{u,v). Thus, given the event A from Claim [TU Tc affects d'^{u) 
by at most 

m-2 

By Corollary [SI (R14), and Claim [H 

Pr[rf^(M) > (1 - ^/2)rfH(M) + ws] < Pr[rf^(n) > (1 - 3^/4)rf^(n)/ Pr[^] + wg] 

cPg-2a;2/C(mAi+i/2mp+Al/2+i/2mj55)2 ^ p^^^j 
(M4) g-71ogA ^ p^^^] 
C^g-71ogA _^ g-lOlogA 
-6 log A _ 



4.5 Final Step 

After the iterative portion of the algorithm, some vertices will still be uncolored. Assum- 
ing (R1)-(R21) and Lemmas [9] [TO], and [T2] hold, we color them using the Asymmetric 
Local Lemma as follows. Suppose u has not been colored. By (PI), (R4), Lemma [T2l 
and (R18), 

ceCiu)-BT(u) ceC{u) cGBT{u) 

^^''1-o(1)-|5^(m)|p 
^Pl-o(l)-e 

(R18) ^/2. 
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For each c ^ B'^{u), define 

Pui^) ^^^^^^ ^ 2pr(c). 

For each uncolored vertex u, randomly assign u one color from the distribution given by 
p*. For an edge e = uvw G , let A^^y^ denote the event that u, v, and w receive the 
same color. By (R7) and definition of 9, T/u)2 = o{u)/e); in particular, T/u!2 = o{u)). So 
by (Q2), 

eLv. < el^ + T/A^2 = l/C + o(^/A) = cu/A + o(^/A). 

Therefore 

Pr[A_] = <^J2Pui<^)Pvi<^)Pli<^) = S^L. < 9a;/A. 



c 



For each c and each pair uv e Gj, let c denote the event that u and v both receive 
color c. By (P3), for each it, 

5^ 5^ Pr[i^„.,d < 4 5: 5^ p:ic)pl{c) ^ 4/J < 32(1 - e/4fco. 

cec(«) uxeGiT cec(u) uxeGj 

The event depends on any event or Bf ii, where u, v, or w is in the edge e or 

the edge /. Using (P5), 

eeH'^:u€e eeH'^-.vee eeH'^'-wee 

+ E E + E E E E pr[^--.c] 

ceC(u) uxeG?' ceCiv) vxeG'^ ceC{w) wxeG^ 

< 3(9a;/A)(l - ^/3)^A + 3(32)(1 - 0/Afuj 

< 123(1 - e/Afu 

< 123e-^^/^a; 

= 123e-5'°s'^/^cj 

= 123(-)^/^a; 

< 1/4. 

The event Buv,c depends on any event Ae or Bf^d, where it or v is in e or /. Since 

E pr[A] + E p^t^e] + E E + E E p^t^-.'^] 

< 18(1 - e/3fuj + 64(1 - e/Afuj 
<l/4, 
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the Asymmetric Local Lemma implies that there exists a coloring where none of the 
events A^vw or Buv,c occur. Since no color in B'^iu) and no color with p^{u) = was 
assigned to u, this coloring, combined with the partial coloring from the algorithm, is a 
proper list coloring of H U G. 



5 Triangle-free hypergraphs 

We will derive Theorem [2] as a corollary of the following theorem: 

Theorem 15. Set cq = 1/86,000. Suppose H is a rank 3, triangle-free hypergraph with 
maximum 3-degree at most A, maximum 2-degree at most (cqA log A)-*^/^, and maximum 
codegree at most A^/^°. Then 

xi{H) < i^^y^'. 

Co log A 

To prove this using Theorem [H we need to find values for the parameters u, e, Uq, and 
p which satisfy (R1)-(R21), ([31]), (I32D, and (jSJ]), and u = Colog A. We will show that 
the following values satisfy these criteria: 

e = 1/40 cu = (1/25) (e/86) log A p = A"^^/24 ^ l/19^p. 

By Claim [71 these parameters satisfy (R1)-(R21), so all that remains is to show that 
inequalities (13. 6p . (13. 7p . and (13. Sp hold. Fix a color c. In Claim [161 we first show that 
that hypergraph HUGc remains triangle-free throughout the algorithm. The next three 
claims then show that if the hypergraph remains triangle- free, we will have enough 
independence to derive (13. 6p . (13. 7p . and (13. 8p . Throughout the rest of this section, we 
will be taking intersections and unions over edges; when we do this, we use the notation 
e in place ofeeE{H)U E{Gc). 

Claim 16. For iteration i, if W U is triangle-free, then U G*^""^ is triangle-free. 

Proof. It suffices to show that when the algorithm creates G"^^^ from by adding an 
edge uv to G*, no triangle is created. Toward a contradiction, suppose that a triangle 
is created with distinct edges uv, e, / G U G"^^^ and distinct vertices u, v, w such 
that -u G e, f G /, w G e n /, and u ^ f , v ^ e. Note that u,v,w G V{H^ U G*) and 
e, f E U G*. Since w G V{H'^ U G*), w has not been colored. Thus there exists a 
vertex x G V{H^) — w and an edge uvx G which gave rise to the edge uv. The edges 
uvx, e, and / form a triangle with vertices u, v, and w in W + G*, a contradiction. □ 
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In the rest of this section, we define 



d{u, v) = \{e e H U Gc ■■ u,v e e}\. 
In addition, we drop the superscript from W and G*. 

Claim 17. Suppose uvw G H, d{u,v) > 2, and d{w,v) > 2. Then d{u,w) = 1. 

Proof. Since d{u, v) > 2 and d{w, v) > 2, there exist distinct edges e, f ^ uvw such that 
u,v E e and w,v E f. If there exists x ^ v such that uwx G H, then e, /, and uxw form 
a triangle with corresponding vertices u, v, and w. If G Gc, then e, /, and uw form 
a triangle with vertices u, v, and w. □ 

Claim 18. If uvw is an edge and d{u,w) = 1, then 

( U e-M)n( U e-w) = iD, (5.1) 

( U e-«)n( IJ e-t;) = 0, (5.2) 

( U e-u)n{ \J e-v) = (D. (5.3) 

Proof. Let x G f/, and let e be an edge such that u G e, f ^ e, and x G e — m. Then 
e 7^ Mfw, and since d{u,w) = 1, x ^ {u,v,w}. 

Suppose / is an edge such that w E f, v ^ f, and x E f — w. Then, since x E f, 
f 7^ uvw. Using d{u,w) = 1, u E e, w E f and e, / 7^ uvw, we get e f , u ^ f , and 
w ^ e. Since x ^ w, we obtain a triangle with edges e, /, and wwiy and vertices u, w, 
and X. 

Now suppose that v,x E f and u ^ f. Again, / 7^ uvw. Because u E e and u ^ f, 
e ^ f. Since u ^ f , v ^ e, and a; ^ {u, f , ti?}, e, /, and uvw form a triangle with vertices 
u, V, and x. By symmetry, this also gives (15.31) . □ 

Claim 19. If uv E Gc, then 

( U e-u)n{ [j e-v) = ^. (5.4) 

e:u£e;v^e e:v£e;u^e 

Proof. If there exist edges e and / and a vertex x such that uEe, v^e, vEf,u^f, 
and xEe — uCif — V, then e, /, and ui; form a triangle with vertices u, v, and x in 
HUGc. □ 
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For a set of vertices S, let 75(c) = 1 denote the event that 7^(c) = 1 for all v & S, and 
let 75(0) 7^ 1 denote the event that 7t,(c) = for some v E S. 

Claim 20. For any three vertices x, y, and z, 

Pr[ fl 7,_,.(c) ^ 1] < Pr[ fl 7e-x(c)7^1]<g.(c)(l + 3^p). 

e:xS:e;y^e e:x(ie\y,z(f:e 

Proof. Note first that 

Pr[ Pi 7,_,.(c) ^ 1] > Pr[7,(c) = Q]>l-ep. 

e:x&e;y£e 

Similarly, 

Pr[ fl 7e-x(c) > l-^p. 

Since the events flxgeiy^e 7e-x(c) 7^ 1 and flxeeiyee 7e-x(c) 7^ 1 are monotone decreasing, 
the FKG inequality and then the previous two inequalities yield 

g,(c) = Pr[ fl 7e-.(c)^l f 7e-x(c) ^ 1 f 7e-x(c) ^ 1] 

e:x£e;y,z^e e:x,y£e e:x,z£e 

>Pr[ f 7e-x.(c)^l]Pr[ f 7e-.(c)^l]Pr[ f 7e-.(c) 7^ 1] 

e:x&e;y,z^e e:x£e,yGe e:x£e,z£e 

>Pr[ f 7,_.(c)7^1](l-^p)2 
>Pr[ f 7e-x(c)^l](l-2^^p). 

e:a::€e;y,2^e 

Thus 

Pr[ f 7e_.(c)^l]<g,(c)/(l-2^p)<g,(c)(l + 3^p). 

□ 

We can now prove fl3.6p . (13. 7p . and f l3.8p . Suppose wfw is an edge. By Claim [T7t we 

may assume d{u,w) = 1. The events n«Ge;,;^e 7e-«(c) 7^ 1, n«;ee;i,^e 7e-i«(c) 7^ 1, and 
dvGe-u w^e'^e-vic) ^ 1 depend only on the sets of random variables 

{7^(c) : X G y e-u}, 
{-fxic) : X e y e-w}, 

and 

{7^(c):xG y e-v}, 
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respectively. By (15. ip . (15. 2p . and (15. 3p . these sets are pairwise disjoint, so the three 
events are independent of each other. Therefore, applying Claim 1201 

Pr[c i L{u) U L{v) U L{w)] 

= Pr[ fl 7e-«(c) ^ 1 fl 7e-.(c) ^ 1 fl le-Uc) + 1] 
e-.uGe ewde e-.wde 

<Pr[ fl 7e-«(c)^l fl 7e-.(c)^l f 7e-»(c)^l] 
e:uGe;v^e e:v^e;u,w^e e:w£e;v^e 

= Pr[ f 7e-.(c)^l]Pr[ f 7e-.(c)7^1]Pr[ f 7e-^(c) ^ 1] 

e:tiGe;v^e e:i)Se;ii,'!«^e e:toSe;i;^e 

"F?.(c)g.(c)g^(c)(l + 3^^p)3 
< qu{c)q^{c)qw{c){l + 196*^) 
= g«(c)g„(c)g^(c)(l + I/ujq). 

This proves (13. 6p . The proof of (13. 7p is the same, except we start with any two vertices 
in uvw instead of all three. 

Suppose now that uv G Gc for some color c. By (15. 4p and Claim [20| 
Pr[c ^ L{u) U L{v)] = Pr[ f| 7e_„(c) ^ 1 f 7,_„(c) ^ 1] 

<Pr[ f 7e-«(c)^l f 7e-.(c)^l] 

e:tiGe;i'^e e:t)ge;ti^e 

«^Pr[ f 7e-«(c)^l]Pr[ f 7e-.(c)^l] 

"F9«(c)g.(c)(i + 3^p)2 

<gn(c)g„(c)(l + 7^p) 
< g«(c)gi,(c)(l + 1/wo), 

completing the proof of (13. 8p and Theorem [151 

Proof of Theorem [2l Recall that cq = 1/86,000. Let if be a rank 3, triangle- 
free hypergraph with maximum 3-degree A and maximum 2-degree A2. The original 
hypergraph H may have some pairs of vertices with codegree too large to apply Theorem 
[T5| so we will work on a modified hypergraph instead. Let 

K[u) = {v^ N{u) : d{u,v) > A^/^"}. 
Define a new hypergraph H' with V{H') = V{H) and 

E{H') = E{H)-{ U U {^^^'^^^}) + ( U U {^'^}) 

u£V{H) v£K{u) u£V{H) v£K{u) 
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Let A', A2, and 5' denote the maximum 3-degree, maximum 2-degree, and maximum 
codegree of H' , respectively. Note that H' is still triangle-free, Xi{H) < xi{H'), 5' < 
A6/10, and A' < A. 

Suppose A2 < -\/Aa/co log a. Since A' < A and 5' < A^/^°, Theorem [T5] implies 

Xi{H) < xiiH') < i^-rY^'. 

Co log A 

On the other hand, suppose A'2 > y/Ay/co log A. Then, since 

A>dH{u)>^ J2 dH{u,v)>^ Yl dH{u,v)>\Kiu)\A''/'y2, 

d„(u,v)>A'^/'^° 

we have 

A2 < A2 + 2A^/^° < A2 + A2/2. 

Choose A" so that A^ = ^A" Vco log A". Since A'2 > v^VcologA, A" > A. Then the 
maximum 3-degree of H' is at most A < A", the maximum 2-degree of H' is at most 
A2 < V A" y/co\og A", and the maximum codegree of H' is at most A^^^'^ < A"^/^'', so 
Theorem [15] implies 

x^(H) < xAH') < i-^r - < < 



^ Co log A" ^ Co log A" Co log A'2 Co log 2 A, 
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